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Fuzzy Linear Programming Problem

( Discussion and Application)

Noora Ali Aziz*, M.Sc (Asst.Lecturer)

Abstract

We know that the linear programming model (LPM) is one of the most
approach used in operation research and decision making, it represent a
mathematical model for finding optimum allocation of resources, to satisfy
certain objective, like maximize profit or minimize cost. In (LPM), we
consider all coefficients of operation function and constraints are real but
in real life problem, the wright hand side of (LP), and coefficients of
variables of operation function may be a fuzzy number, so this research
deals with explaining fuzzy linear programming model with definitions of
required and with operation on fuzzy number, then how to solve fuzzy
linear programming.

Keywords: Fuzzy linear programming, triangular and trapezoidal fuzzy
numbers, Ranking Function.
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1. Introduction

Fuzzy linear programming (FLP) represent application of fuzzy set
theory in decision making problem, which (LP) represent one important
tool in building model and taking decision about problems. The LPP
consist of objective function which to be maximized or minimized subject
to a set of linear equation called constraints, but when the information
about coefficients of operation function and of constraints of right hand
side of constraints are uncertain, we need to use fuzzy linear
programming, where (Zimmermann) introduced fuzzy in multi objective
linear programming (Vila, Verdegay, and Delgado [1989]), introduced a
general model for fuzzy linear programming*?. Also (Buchley and Feuring
[2000]) introduced evolutionary algorithm solution to fuzzy linear
programming, (fuzzy sets and systems, 109[2000], 35 - 53). Also
H.R.Maleki, ranking functions and their applications to fuzzy linear
programming (Far East J. Appli.Math.4(2002), 283 - 301. Also
Zimmermann [1978], introduced fuzzy programming and linear
programming with several objective functions, (fuzzy sets and systems).
Many other researchers studied fuzzy fractional programming but the
concept of fuzzy linear programming on the general level was first
proposed and introduced by Tanaketal. The objective of this paper is to
explain how to transform fully fuzzy linear programming with triangular
numbers, and trapezoidal number, into regular linear programming method
through transformation and ranking all definitions. The aim of the research
iIs explaining fuzzy linear programming, and how to solve fuzzy linear
programming.

This paper divided into (5) section, section (1) contains the introduction,
section (2), we present some preliminaries through five famous definitions
of fuzzy and sets, section (3) we introduced fuzzy linear programming, the
application of this paper is in section (4) contains two examples, then
finally contains the conclusion.

2. Preliminaries

Definition (1): Let (x) be a set of objects, its elements denoted by (x)
which is real or complex, but when (x) have fuzzy nature, then it
characterized by a function [u4(x)] from [x to (0,1)], such that'®!;
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ua(x) =1 ifxeA
=0 o/w
Then;
A= {(x,ua(x)|x € X}

Definition (2): The (a) level (a — cut) set of a fuzzy set (A) is a crisp

subset of (X), and it is denoted by™*!;

Aq = {x € X| ps(x) > @)

Definition (3): A fuzzy set (A) in (X) called convex if®!;

7

wa{dx(1 = Dy} = Mii {ug(x),us(¥)}x,y € Xand 1€ [0,1] ........ (1)

Definition (4): A fuzzy number (A4) is a convex normalized fuzzy set on the
real line R such that®:

(i). It exists at least one (xy € R) with [u4(x,) = 1].
(ii). pa(x)is piece wise continuous.

Definition (5): The fuzzy number in (4) may be triangular and trapezoidal
fuzzy numbers, these are defines as in case of trapezoidal'”;

(0 x <oy

X—q

G <x<a
g =t =g

i) ={ @ <x<az ... ()
A4—X

a. Zx<a
Ge-as 3 = dg4

\0 X > Qy
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Ma(x)

al a2 a3 ad

For this shape the (a — cut) interval is written for all as;

a € [0.1], 4y = [(a —a))a + a;(a, — az)a + a4]

Where [F(R)] be the set of all trapezoidal fuzzy numbers, while the
triangular fuzzy number (4) can be represented by three real numbers,

(S,L,r) by triangular;

0 S-L S S+r R
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Where [A = (S,L,7)], and [F; (R)] is the set of all triangular fuzzy numbers.
Now we assume some mathematical operations on fuzzy numbers;
a. In case of trapezoidal fuzzy number;

let A = (ay, a5, a3, a4), B = (bé,bz,b3,b4), be two sets of trapezoidal fuzzy
numbers, the operations are’®!;

(i): Addition

A+ B =(a; +by,a, +by,a; +bs,a,+by.......... (3)

(ii): Subtraction

A—B = (a; — by, a; — b3, a3 —by,a3 —by) ...... (4)

(iii): Scalar multiplication

Let x > 0: xA = (xa,, xa,, xaz, xa,), f x < 0: xA = (xa4, xas, xa,, xa,)
b. Mathematical operations on triangular fuzzy number;

let A= (S1,L1,11), B = (S, L, 1,), be two sets of triangular fuzzy numbers,
the operations are!”;

(i): Addition

A+B=(;+S,Li+Lyri+1) covveeeeeee(5)

(ii): Subtraction

A—B=(5—=53L1 —Ly,7y =75 ceivirinnnn.. (6)

(iii): Scalar multiplication

Let x > 0:xA = (xS, xLy, x17), if x < 0:xA = (x17, xL1,xS7) ... (7)

c. Ranking Functions
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A convenient method for comparing to fuzzy number is, to use the

ranking function which represents a map from [F(R)] into the real line, now
we define orders on [F(R)] as follows!*%;

a=>biff R(@) = R(b)

@a>biff R@ >RMB) | ccuennnn. (8)
a=>hbiff R(@ = R(b)

Where (a&b) are in [F(R)].

We know that there are many ranking functions for comparing fuzzy
number, but we use only linear ranking functions, i.e;

azbiffa—b=0a=biffandé >d,thena+¢=b+d, (a,b,¢,d €R)
3. Fuzzy Linear Programming

In this section we explain fuzzy linear programming (FLP), in which the
coefficients of objective function and the coefficients of constraints and
values of right hand side of constraints is fuzzy number of triangular

type!";
mn
Max Z :Zijj v vee et e e en e e e (9)
=1
s.to:

n

Z(Sij,f-'ij.?‘ij)xij < (t; u; v;) for (i € Nyp)xj =0 U € Nyp)

j=1
Ay = (Sip Lijirj), By = (b uivy)

We can rewrite fuzzy linear programming in equation (9) as;

n
Max Z = z Cix;
j=1
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s.to:
n
Z S”x‘, <t
=1
}LI(SI‘),- — Li}-)xj St—U (10)

J

for (i € Npp)x; =20 (j ENy)

n
(Sij +mipx; <t + v
=1

Here the fuzzy linear programming problem in (10) becomes;
MaxZ =6x .o s (11)

Ss.to:

Another type of fuzzy linear programming problem in which the variables
are trapezoidal fuzzy variables, the coefficients of objective function and
right hand side of the constraints are trapezoidal fuzzy numbers!*?;

MaxZ =CX¥ (12)
s.to:

A% < b

X=0

Where;

b € [F(R)|™

X €[F(R)]"

A = Rmxn

C € [F(R)]"

The third type of fuzzy linear programming problem, is one in which the
coefficients of operation function, the coefficients of the constraints and
right hand side of constraints are of type fuzzy triangular numbers!*?;

-115-



Noora Ali Aziz,M.Sc(Asst.Lecturer)

Jj=1
MaxZ =571 GiXj e e e e e (14)
s.to:
mn
i Ly ripxy = (Gusv) for (i € Npp)x; =0 (J € Ny)
=1

And, A;; =(Sij,Lijrij), Bi = (t,w,v;) are fuzzy triangular numbers
[Ej € F; (k)]

The fuzzy linear programmimT:] problem in (14), can be written using
operations on fuzzy numbers!**:

n
Max Z = Z Cix;
j=1

s.to:
n
Z S,;}-xf =t
=1
}‘zl(SU- = Li}-)xj SHE-U e (15)

n
Z(SU + rij)fo < ti + 1%
7=

for (i € Np)x; =0 (j € Np)
Then problem in (15) can be summarized by;
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MaxZ =Cx i, (16)
s.to:

Ax < b

x=0

Where;

CT e [F,(A)]"

beR™

x € R"

R is linear ranking function, problem (16) can be solved using simplex
method.

4. Application

The application here is considered through examples and solving each
transformed fuzzy linear programming into ordinary linear programming.

Example (1):

Max Z = (8,5,2)x; + (10,6,2)x,
s.to:

(4,2,1)x; + (5,3,Dx, < (24,5,8)
(4,1,2)x; + (1,0.5,1)x, < (12,6,3)
X1,x, =0

According to (15) we can write this equation as;
Max Z = 8.75x; + 11x,

s. to:

4x, + 5x, < 24

4x1 + X, <12

2x1 +2x, <19

3x; +0.5x;, <6

5x; + 6x, < 32

6x1 + 2x2 < 15

X1,% 20
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Solving the problem using WinQSB program, we get, (x; =0,x, =4.8,Z =
52.8);
and graphically by WinQSB program

Sensene e, | == et | = 1 =z 1 1
Decision | Solution Unit Cost or Total Reduced Basis Allowable Allowable
Vauable Value Profit cj) Contribution Cost Status  Min. c(j) Max. c[j)
il X1 0 8.7500 0 -0.0500 at bound M 8.8000
2 X2 4.8000 11.0000 52.8000 0 basic  10.9375 M
i Objective Function [Max.) = 52.8000
il Left Hand Right Hand  Slack  Shadow Allowable Allowable
Constraint Side Direction Side of Surplus  Price  Min. RHS Max. RHS
i 1 24.0000 (= 24.0000 0 2.2000 0 26.6667
2 c2 4.8000 K= 12.0000 7.2000 0 4.8000 M
3 C3 9.6000 <= 19.0000 9.4000 0 9.6000 M
4 C4 2.4000 K= 6.0000 3.6000 0 2.4000 M
5 Cc5 28.8000 <= 32.0000 3.2000 0 28.8000 M
6 Cé 9.6000 K= 15.0000 5.4000 0 9.6000 M
Constraint . Objective Funclion: — Featible Area -
1200 OPTIMAL
SOLUTION
1080 0BJ=52 80
X1=0.00
Hi=4.80

000
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Example (2):In the second example, the coefficients of variables in
operation functions are in trapezoidal type;

Max Z = (3,5,8,13)x; + (4,6,10,16)x,
s.to:
(4,2,1)x1 + (5,3,1)x, < (24,5,8)
(4,1,2)x; + (1,0.5,1)x, < (12,6,3)
X1, =0

The model of this example can be written in crisp form using operating in
equation (15) for constraints and apply ranking [R(a)] for trapezoidal
coefficient to transform;

Max Z = (3,5,8,13)x; + (4,6,10,16)x,
into

Max Z = —18x; — 18x,
s. to:

4x, 4+ 5x, <24

4x, +x, <12

2x; +2x, <19

3x; +0.5x, <6

5x; + 6x, < 32

6x1 + 2x, <15

X1,% =0

Where:
1
R(@) = a* + a* +§(ﬁ —a)
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Since each trapezoidal coefficient is, (a,a’,a%, 8).Then each constraint is
transformed by adding slacks variables as;

Min 7 = —18x; — 18x,
s. fo:

4x, +5x, +x3 =24
dx; 4+ x, + x4 <12
2%, + 2%, + x5 < 19
3x; +0.5x, + x5 <6
5%, +6x;, +x7 <32
6x1 + 2%, + x5 < 15
X1,X2,X3, X4, v ,, Xg = 0

Then the crisp model solved by simplex iteration, to obtain the optimal
solution, Solving the problem using WinQSB program, we get, (x; =
1.23,x, = 3.82,Z = 90.82);

Decmon Solution Unit Cost or Total Reduced Basis Allowable Allowable
VYariable VYalue Profit c[j) Contribution Cost Status  Min. cj) Max. c[j)
1 X1 1.2273 18.0000 22.0909 0 basic 14.4000 54.0000
2 X2 3.8182 18.0000 68.7273 0 basic 6.0000 22.5000
il Objective Function [Max.) = 90.8182
] Left Hand Right Hand  Slack Shadow Allowable Allowable
Constraint Side Direction Side or Surplus  Price Min. RHS Max. RHS
1 Cc1 24.0000 (= 24.0000 0 3.2727 21.0000 26.5000
2 C2 8.7273 <= 12.0000 3.2727 0 8.7273 M
3 C3 10.0909 (= 19.0000 8.9091 0 10.0909 M
4 C4 5.5909 (= 6.0000 0.4091 0 5.5909 M
5 C5 29.0455 {m 32.0000 2.9545 0 29.0455 M
[ C6 15.0000 = 15.0000 0 0.8182 96000 15.6923

and graphically by WinQSB program as;
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2 Constraint Objective Function: — Feanble Area -

OPTIMAL
SOLUTION

OBJ=590.82

X1=1.23
®2=3.82

Conclusion

In this paper ranking and certain transformation approach was applied to
convert fuzzy linear programming with triangular fuzzy numbers in
operation functions and coefficients of constraints , right hand side of
constraints using rules explained in equation (15), also using ranking
formula for the coefficient of operation function, so this transformations are
necessary to transform fuzzy linear programming model into crisp model,
to make so using simplex method trivial for solution.
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