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Abstract: In this paper, we study the solution of the cancerous tumors
operator equation of the form:A* XA + t AXA = Q, Where A is a known
operator defined on a Hilbert space H, represent the contributing factors
are cancer (Hormonal factor ,Nutrient factor, Relationship between nutrient
and hormone, Genetic factor, Viruses,...), Q is a known operator defined
on a Hilbert space H, represent the percentages of contributing. Factors
are cancer (Sex, Age, Exposure to radiation, Take sedatives,
Psychological stress, Factors that weaken immunity, ...), t is any scalar
positive real number, represent the control factor, X is unknown operator,
represents the treatment of the injured in terms of quantity and quality of
treatment , and A* is adjoint of operator A. Also, we show the nature of the
solution for this operator equation for special types of operators. As well
as, we will introduce some propositions and remarks because it is very
important in this new study of medical systems of differential equations.

* AL-Mansour University College, Baghdad, Iraq
-34 -



Al-Mansour Journal/ Issue (32) 2019 (32) 23adl /) siall dlns

1. Introduction
In general , the operator equations play an important rule in control
theory (medical systems of differential equations) , [1 - 2].

These types of operator equations have many real life applications in
physics , weather , atmospheric models, and medical systems , [1 - 2]

The operator equation of the form:
A" XA+t AXA=Q (1.1)

is one of the generalization of the continuous — time Lyapunou
equation (the cancerous tumors operator equation )

Where A, Q are given operators defined on a Hilbert space H ,t is any
scalar and X is the unknown operator .

The authors in [1],[4] and [5] studied the necessary and sufficient
conditions for the solvability of the operator equations of the form :

AX+XB=W (1.2)
AX+XA=W (1.3)
and AXB +BXA=W (1.4)

where A,B and W are known operators on a Hilbert space H and X is
the unknown operator that must be determined.

In this paper, the nature of the solution of the above equation is studied
for special types of operators. Also, we study and discuss the range of 7,
where :

TA(X) = A XA+t AXA

And we prove that t, neither derivation and nor * —derivation.
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2. The Nature of the Solution for Cancerous Tumors

Operator Equation
In this section , we study the nature of the solution of eq.(1.1) for special
types of operators.

Proposition (2.1)

If A,Q are self — adjoint operators and t is any scalar (positive real
number) and eq. (1.1) has only one solution then this solution is also self —
adjoint .

Proof
Consider eq.(1.1) since A*=A and Q* = Q then

A* XA+t AXA=Q
(A* XA+t AXA)* = Q*
A XA+t A X" A" = Q"
A* X*A + tAX*A = Q*
And since eq.(1.1) has only one solution this X* = X , so X is self — adjoint

Remark (2.2)__ if Q is self — adjoint operator , A is any operator and t is
any scalar , then the solution of eq.(1.1) is not necessarily self- adjoint
operator .

Remark (2.3) if A is self — adjoint operator , Q is any operator and t is any
scalar , then the solution od eq.(1.1) is not necessarily self — adjoint
operator.

Propostion (2.4) if A ,Q are skew —adjoint operators , t is any scalar
(positive real number )and eq.(1.1) has only one solution , then this
solution is skew- adjoint.

Proof
Consider eq.(1.1) since A* = —A4 and Q* = —Q

then
A" XA+t AXA=Q
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—(A* XA+t AXA)" = —-Q"
—A*X*A—t A" X*A* = —Q*
A (—X)A+t A (—X)A = -Q*
A" (=X)A+t (A (=X)(-A) =Q
A (—XD)A+tA(—X")A=Q
and since eq.(1.1) has only one solution this —X* =X so X is skew —
adjoint .

Proposition (2.5)
Consider eq.(1.1) , if A is a compact operator , then this equation is
compact.

Proof

Consider eq.(1.1) , since A is compact operator , then A* is compact , so
A* XAis compact . Also , A is compact , then AX is compactand t A XA is
compact , since A* XA and t A XA are compact , then (A* XA+tAXA)
compact , so Q is compact .

Remarks (2.6)
1- If A,Q are compact operators and t is any scalar , then the solution X of
eg.(1.1) is not necessarily compact operator.

2- If Q is a compact operator , and t is any scalar , then A and X in eq.(1.1)
are not necessarily compact operators.

3- If A or Q compact operators , t is any scalar and the solution X of
eg.(1.1) exists , then the solution X is not necessarily to be compact.

4- If A and Q are compact operator , t is any scalar and the solution X of
ed.(1.1) exists, then the solution X is not necessary to be compact .

Remarks (2.7)
1- If A and Q are normal operators , t is any scalar , then the solution X of
eg.(1.1) is not necessarily exists.
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2- If Q is a normal operator , A is any operator , and t is any scalar , then it
Is not necessarily that the solution X of eq.(1.1) is normal operator.

3- If A and Q are normal operators , and t is any scalar , if there exists of
eg.(1.1) is not necessarily that the solution X is normal operator.

3. Special Cases for The Solution of Cancerous Tumors

Operator Equation.
In this section, we introduce special cases for the solution of cancerous
tumors equation. Recall that the spectrum of operator = o (4) .

o (A) ={Ae¢: A— Al is notinvertible }

And B(H) is the Banah space of all bounded linear operators defined on
a Hilbert Space, [3].

Theorem (3.1) , [1] : If A and B are operators in B(H), such that ¢(4) N
o(B) = @, then the operator equation AX — XB = C has a unique solution
X, for every operator C

The following propositions give the unigue solution for the operator
eq.(1.1) .

proposition (3.3) If A is an identity operator , and Q is any operator in
B(H) , then the solution of eq.(1.1) is X = ! Q.

(1+0t)

Proof
consider eq.(1.1) , and A = I (identity operator )

A" XA+t AXA=Q
I"XI+tIXI =Q

X+tX =Q
1+t)X =Q
1
Then X = D Q

Corollary (3.2) If Ais an invertible operator from right in B(H) ,
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g(A) n a(—tA) =@, Q is any operator in B(H) and t is any scalar, then
the operator eq.(1.1) has a unique solution.

Proposition (3.4) If A is an invertible self- adjoint operator in B(H), Q is
any operator in B(H) and t is any scalar, then the solution of eq.(1.1)

i - 1 -1 -1
IsX = (1+t)A QA

Proof
Consider the operator eq.(1.1)

A" XA+tAXA=Q
ATTA* XA+ tA 1 AXA = A71Q
I XA+t XA=A"1Q
XA+tXA=A4"1Q
XAA™L +tXAA1=4"1041
XI +tX1=4"1QA!
X +tX)=A4"1gA?

_ 1 -1 -1
Then X = e ATTQA

4. On The Range of T4

Recall that,a linear mapping t from a ring R to itself is called a
derivation, if t,, = a1, + 7, b ,foralla, bin R [2].

Now, we study and discuss the range of t,, where 7, = A" XA +
t AXA.

And, we prove that the range 74 is neither derivation and nor * -
derivation .

Now, define the mapping
1:B(H) > B(H) by:

7(X) = 1,(X) = A* XA + t AXA
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XeB(H) , where A is a fixed operator in B(H) , and t is any scalar.

It is clear that the map 7,4(X) is a linear map also , the map 7, is bounded,
in fact

Ity =1l A" XA+t AXA 1< 1A XA | +]t] I AXA |l

<HA*NNXNNAN +¢NANNXNNAN<TNANPNXI +t NANPN X<
A+ HANPNX I

Since | A*II=1AIl
Put M =(1+t) Il AlI?, which is non negative number.
SoOlA"XA+tAXA I<M | X , thent, is bounded.
The following steps shows that :
[Range (t4)]" # Range (t4)
[Range (t4)]" = {(A* XA+t AXA) ": XeB(H)}
={A*X* A+t A"X*A*: XeB(H) }
LetX, = X*
={A"X, A+t A*X, A" : X,eB(H)}

# Range (t,)
Also
a Range (ty) = {a A* XA+ at AXA ,XeB(H)}

= {A"(aX)A+t A (aX)A,XeB(H)}
For every « is any scalar,
LetX; =aX
={A"X, A+t A*X, A*,X,eB(H)},

a Range (t4) = Range (t,)
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The following remark shows the mapping t, is not a derivation :

Remark (4.1) since
T4(XY) = A" (XY)A+t A (XY)A ,
For all X,Y eB(H) and
X1,()=XA"YA+tXAYA ,
also
T,(X)Y = A* X AY + tAXAY,
then one can dedue that
TA(XY) * XTA (Y) + TA(X)Y .
Now , the following remark shows the mapping 7, is not x —derivation :

Rcall that , a Jordan f: R — R is defined to be an additive mapping satisfy
f (a?) = af(a) + f(a)a. NOW ,Let R be = —ring ,a ring with involution . A
linear mapping 7 : R — R is called Jordan * —derivation, if for alla,b € R
and 7 (a?) = at(a) + t(a)a*, [2].

Remark (4.2)

Since
TLX+Y) =4 X+VA+tAX+Y)A
= A" XA+ A" YA+tAXA+tAYA
=14 (X) + 14(Y).
Now,

X1, 00+ )X = XA XA+ XtAX A+ A° X AX* + t AXAX" .
Ty (XZ) 7‘—'XTA (X)+ Ty (X) X )

Then t, is not * —derivation.
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